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A screw dislocation outside an inﬁnite cylindrical nano-inhomogeneity of circular cross section is consid-
ered within the isotropic theory of gradient elasticity. Fields of total displacements, elastic and plastic dis-
tortions, elastic strains and stresses are derived and analyzed in detail. In contrast with the case of
classical elasticity, the gradient solutions are shown to possess no singularities at the dislocation line.
Moreover, all stress components are continuous and smooth at the interface unlike the classical solution.
As a result, the image force exerted on the dislocation due to the differences in elastic and gradient
constants of the matrix and inhomogeneity, remains ﬁnite when the dislocation approaches the interface.
The gradient solution demonstrates a non-classical size-effect in such a way that the stress level inside
the inhomogeneity decreases with its size. The gradient and classical solutions coincide when the
distances from the dislocation line and the interface exceed several atomic spacings.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Since the pioneering work of Head (1953a,b), the study of
elastic interaction between dislocations and interphase boundaries
has attracted much attention because of its important applications
in materials science and engineering. For example, many authors
have investigated the elastic behavior of screw dislocations near
the boundaries of cylindrical inhomogeneities having circular
cross section (Dundurs, 1967; Sendeckyj, 1970; Thölén, 1970;
Pan, 1996; Xiao and Chen, 2000; Liu et al., 2003; Sudak, 2003a,b;
Honein et al., 2006; Fang and Liu, 2006; Liu and Fang, 2007; Wang
et al., 2007; Fang et al., 2008). Dundurs (1967) was the ﬁrst who
calculated the displacement and stress ﬁelds of an individual
screw dislocation placed near a circular elastic inhomogeneity.
Sendeckyj (1970) extended this problem to the case of many such
inhomogeneities. Thölén (1970) analyzed the distribution of screw
dislocations in a discrete pile-up against an elastic circular inho-
mogeneity. Pan (1996) considered a screw dislocation and an
elastic circular inhomogeneity within the non-local theory of elas-
ticity. The elastic interaction of screw dislocations with interphase
boundaries of the circular inhomogeneities coated by one (Xiao
and Chen, 2000; Liu et al., 2003), two (Sudak, 2003a; Wang
et al., 2007) and many (Honein et al., 2006) intermediate layersll rights reserved.
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; fax: +98 21 66072555.has been studied in recent years. In former research (Dundurs,
1967; Sendeckyj, 1970; Thölén, 1970; Pan, 1996; Xiao and Chen,
2000; Liu et al., 2003), the circular interface boundaries were as-
sumed to be perfect which means that the authors used usual
boundary conditions (continuous displacement and traction at
the interface) of the classical linear theory of elasticity. Recently,
Sudak (2003b) has adopted the concept of imperfect interface to
describe the elastic behavior of a screw dislocation near a circular
elastic inhomogeneity with damaged boundary. This concept has
also been used in the aforementioned problems (Sudak, 2003a;
Wang et al., 2007). One more new topic in this ﬁeld is the incorpo-
ration of the interface stress to take into account the interface en-
ergy of the inhomogeneity. This approach, which was developed
by Fang and Liu (2006) and Liu and Fang (2007), allows to describe
non-classical size-dependent elastic interaction of screw disloca-
tions with circular interphase boundaries. Application of these
results for estimating the critical shear stress in ﬁbrous nanocom-
posites has been demonstrated by Fang et al. (2008).
Nowadays, the solutions of this kind might be widely used in
modeling the mechanisms of stress relaxation in various nano-
structured inhomogeneous solids; for example advanced struc-
tural materials like nanocomposites reinforced by nanotubes
and nanoﬁbers (Zhan et al., 2002; Kuntz et al., 2004; George
et al., 2005; Choi et al., 2008), and semiconductor device struc-
tures containing quantum wires (Ovid’ko and Sheinerman,
2006). Some examples of such dislocation models are given by
Gosling and Willis (1995), Gosling and Freund (1996), Sheiner-
man and Gutkin (2001), Gutkin et al. (2003) and Gutkin and
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the elastic ﬁelds and energies obtained in the framework of the
classical theory of linear elasticity. It is well known, however, that
the corresponding solutions are suitable for describing the situa-
tions far from the defects and interfaces but become singular and
therefore physically meaningless and inadmissible at very small
distances from them (within dislocation and disclination cores,
at crack tips, etc.). This stimulated much effort in search of rela-
tively simple and effective versions of the elastic theory which
could be applied to these special cases. One possible treatment
is to implement the so-called generalized elastic continuum with
weak non-locality (see, e.g., Gutkin, 2000; Aifantis, 2003; Lazar
and Maugin, 2005; Lazar et al., 2005 for reviews and details).
Within this approach, the constitutive laws (similar to the Hook’s
law in the classical linear elasticity) can contain not only elastic
strain and stress ﬁelds but also their ﬁrst, second, and higher gra-
dients. As a result, new material constants with the dimension of
length appear there. The theory of such kind is called strain gra-
dient elasticity or brieﬂy gradient elasticity. Pioneering work in
this ﬁeld was done by Mindlin (1964, 1965, 1972), Mindlin and
Eshel (1968) and Green and Rivlin (1964a,b).
There are various theories of gradient elasticity (see Zhang and
Sharma, 2005 for a comparison between them). In our current
work, we use a simple theory of strain gradient elasticity proposed
by Ru and Aifantis (1993b) (see also Milligan et al., 1995). The con-
stitutive law of this theory reads
1 ‘2r2
 
r ¼ 1 c2r2
 
k treð ÞI þ 2le½ ; ð1Þ
where r and e denote the elastic stress and strain tensors,
respectively; k and l are the usual Lamé constants, I is the unit
tensor, r2 is the Laplacian, ‘ and c are two different and newly
introduced gradient coefﬁcients with the dimension of length.
Following their own treatment of Eq. (1) in the special case of
‘ ¼ 0 (Ru and Aifantis, 1993a), Ru and Aifantis, 1993b proposed
a simple approach to solve the traction boundary-value problem
associated with Eq. (1) in terms of solutions of classical elasticity
for the same problem. In fact, providing that appropriate care is
taken for extra (on account of the higher order terms) boundary
conditions or conditions at inﬁnity, the displacement u and
stress r can be found from the inhomogenous Helmhotz
equations
1 c2r2
 
u ¼ u0; 1 ‘2r2
 
r ¼ r0; ð2Þ
where u0 and r0 are the solutions of the same boundary-value prob-
lem in the classical elasticity.
In the above equations, the physical meaning of the gradient
coefﬁcient c is based on the consideration of short-range inter-
atomic or surface tension effects within a microscopic theory for
elastic solids. For an atomic lattice, it can be estimated as
c  0:25a where a is the lattice parameter (Altan and Aifantis,
1992). Furthermore, Eringen (1983) arrived at an equation in
non-local elasticity similar to Eq. (2)2 and realized that ‘ can be
estimated as ‘  0:39a. Recently, the gradient coefﬁcients have
been determined from atomic simulation (Kioseoglou et al.,
2006) and experimental observations (Kioseoglou et al., 2008) of
dislocation cores in GaN.
Generally speaking, the main idea of the non-local theory is that
the elastic stress at a material point is determined not only by the
elastic strain at this point but also by the elastic strain distribution
in the whole body (Eringen, 1983). However, in practice, the main
contribution is given by the strain distributed over a close vicinity
to the point. In the gradient theory, the stress at a point is deter-
mined not only by the strain at this point but also by the strain gra-
dients at this point; consideration of strain gradients at a point isessentially equivalent to consideration of strain distribution in a
close vicinity of that point. Therefore, the non-local theory (in its
practical use) and the gradient theory are expected to give rather
similar or even the same equations and results, as is the case with
a screw dislocation in a homogeneous medium (Gutkin and Aifan-
tis, 1999a).
The theory of gradient elasticity described by Eqs. (1) and (2)
have been used to eliminate classical singularities in elastic ﬁelds
at the crack tips (Ru and Aifantis, 1993b), dislocation (Gutkin,
2000; Lazar and Maugin, 2005; Lazar et al., 2005; Gutkin and
Aifantis, 1999a; Gutkin et al., 2000a,b; Mikaelyan et al., 2000)
and disclination (Gutkin, 2000; Lazar and Maugin, 2005; Gutkin
and Aifantis, 1999b) lines, and edges of a rectangular inclusion
(Gutkin, 2006) as well. Moreover, the examination of dislocation
behavior in a two-phase solid with a planar interface within the
gradient elasticity demonstrates some additional proﬁts, the prin-
cipal of which are continuous stresses at the interface and elimina-
tion of singularity from the image force acting on a dislocation near
the interface (Gutkin, 2000; Gutkin et al., 2000a,b; Mikaelyan et al.,
2000). Recently Lazar (2007) has extended Eq. (2) to consider a
screw dislocation in a functionally graded material where the
Lamé constants depend on the positions. The special variant of
the gradient theory with ‘ ¼ 0, invented earlier by Altan and Aifan-
tis (1992), has also been applied to cracks (Aifantis, 2003; Ru and
Aifantis, 1993a; Altan and Aifantis, 1992, 1997; Unger and Aifantis,
2000a,b), dislocations (Gutkin, 2000; Gutkin and Aifantis, 1996;
Gutkin and Aifantis, 1997; Gutkin and Aifantis, 1999c; Shodja
et al., 2008), disclinations (Gutkin, 2000; Gutkin and Aifantis,
1999c), composite materials (Tenek and Aifantis, 2001), line forces
(Lazar and Maugin, 2006a) and various cases of line loading on the
surface of a half-space (Lazar and Maugin, 2006a; Li et al., 2004).
Within this special theory, the stress ﬁeld remains the same as in
the classical elasticity while the displacement and strain ﬁelds
are modiﬁed and the classical singularities are eliminated from
them. The more general theory (with ‘– 0) also allows us to re-
move the classical singularities of the stress ﬁeld.
In our recent paper (Shodja et al., 2008), we have used the spe-
cial gradient theory (with ‘ ¼ 0) to analyze the displacement and
strain ﬁelds of a screw dislocation in a very long elastically isotro-
pic nanowire with ﬁxed ends. We have shown that the dislocation
ﬁelds do not contain classical jumps and singularities at the dislo-
cation line and strongly depend on both the dislocation position
and nanowire radius, thus demonstrating a non-classical size ef-
fect. In particular, the maximum elastic shear strain reaches its
peak value when the dislocation is located near the free surface,
and this peak value grows with the nanowire radius until the latter
becomes rather big. For a perfect lattice screw dislocation (with the
Burgers vector magnitude b  4‘) in a nanowire with radius
 10 nm, this maximum strain ranges from  12:7% (when the
dislocation is in the nanowire center) to  22:2% (when it is near
the free surface).
Using the constitutive law (1), we have also considered the
stress ﬁeld of a screw dislocation inside an embedded nanowire
(Davoudi et al., 2009). The results are typical for the gradient elas-
ticity: the stress singularity is removed and all stress components
are continuous and smooth across the interface, the maximum
stress magnitude strongly depends on the dislocation position,
nanowire size, and ratios of shear moduli and gradient coefﬁcients
of the matrix and nanowire materials.
The aim of this paper is to extend our consideration to the case
of a screw dislocation placed near a circular elastic nano-inhomo-
geneity. We analyze the elastic and plastic dislocation ﬁelds within
the theory of gradient elasticity described by Eqs. (1) and (2), and
compare our gradient solutions with those obtained within the
classical (Dundurs, 1967) and non-local (Pan, 1996) theories of
elasticity.
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Consider an inﬁnite elastically isotropic material D which con-
tains an inﬁnite elastically isotropic cylindrical inhomogeneity X
with circular cross section of radius R, Fig. 1. In the remainder of
this paper, the super- or sub-scripts D and X are exclusively used
for reference to these two regions and omission of these super-
and sub-scripts indicates that a relationship holds for both regions.
Let a screw dislocation with the Burgers vector b ¼ ð0;0; bÞ lie at
the point ðn;0Þ, where n < R, parallel to the inhomogeneity axis.
We assume that the matrix/inhomogeneity interface is perfect
and there is no lattice misﬁt across the interface.
Within the classical theory of isotropic elasticity, this problem
was solved by Dundurs (1967). Following him, the displacement
ﬁeld can be written (in units of b=ð2pÞÞ as
u0ðDÞz ¼ hðx n; yÞ  Shðx R2=n; yÞ þ Shðx; yÞ; ð3Þ
u0ðXÞz ¼ ð1þ SÞhðx n; yÞ; ð4Þ
where S ¼ ð1 CÞ=ð1þ CÞ; C ¼ lX=lD;la is the shear modulus of
the region aða  D;XÞ, and the angle h ¼ hðx; yÞ varies from p
to p and is deﬁned by
h ¼ hðx; yÞ ¼ arctan y
x
 
þ p
2
sgnðyÞ½1 sgnðxÞ: ð5Þ
The total distortion bTij  ui;j is composed of the elastic distor-
tion bij and the plastic distortion b

ij (see, e.g., Mura, 1987),
bTij ¼ bij þ bij. The total, elastic and plastic strain tensors are deﬁned
as the symmetric parts of the pertinent distortion tensors. In par-
ticular, the non-vanishing components of the elastic strain yield
from (3)–(5) as follows (in units of b=ð4pÞ):
e0ðDÞzx ¼ 
y
r21
þ S y
r22
 S y
r2
; e0ðXÞzx ¼ ð1þ SÞ
y
r21
;
e0ðDÞzy ¼
x n
r21
 S ðx R
2=nÞ
r22
þ S x
r2
; e0ðXÞzy ¼ ð1þ SÞ
x n
r21
; ð6Þ
where r1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx nÞ2 þ y2
q
; r2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx R2=nÞ2 þ y2
q
, and r ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ y2
p
as shown in Fig. 1.
The plastic strain tensor has the only non-vanishing component
e0ðDÞzy ¼ bdðyÞHðn xÞ=2, where dðyÞ is the Dirac delta function and
Hðn xÞ is the Heaviside step function. The stresses are
r0ðaÞzi ¼ 2lae0ðaÞzi ; i  x; y. The classical theory of elasticity implies
that the component r0zr is continuous at the interface ðr ¼ RÞ, while
the component r0zh suffers an abrupt jump there. In classical elas-
ticity, this jump can be justiﬁed by the fact that this component
does not give any contribution to the traction vector which must
be in equilibrium at the interface. On the other hand, as noted in
(Gutkin, 2000; Gutkin et al., 2000a), when considering the stressed
state of a perfectly bonded interface from a nanoscopic point of
view, the origin of this jump is not quite clear. In fact, the atomic
layers on both sides of the interface interact elastically. Therefore,
one has to assume the existence of a transitional zone of a few
atomic layers where interactions between atoms change graduallyξ R2/ξ x 
y 
R 
(x,y) 
θ
r r1 r2
D 
Ω
b 
Fig. 1. Screw dislocation near a circular inhomogeneity.from stronger interactions in a more rigid material to weaker inter-
actions in the other. It follows from this assumption, that the stress
jump is only a consequence of the approximation of classical con-
tinuum models which often become insufﬁcient for describing
nanoscale phenomena. To demonstrate this fact, we note that the
stress jump tends to inﬁnity when the dislocation approaches the
interface:
r0ðXÞzy ðx ¼ R; y ¼ 0Þ  r0ðDÞzy ðx ¼ R; y ¼ 0Þ ¼
lDb
p
S
nþ R

n!R
!1:
ð7Þ
It is, thus, desirable for the interface stress jump to be eliminated
from the solution of this problem as was the case with gradient
solutions for dislocations near planar (Gutkin, 2000; Gutkin et al.,
2000a,b; Mikaelyan et al., 2000) and circular (Davoudi et al.,
2009) interfaces.
3. Gradient solution
Let us consider the same problem in the framework of the the-
ory of gradient elasticity with the constitutive Eq. (1). To this end,
one should solve Eqs. (2) in both regions D and X. Let ca and ‘a be
deﬁned as the two gradient coefﬁcients of the domain a,
respectively.
As mentioned in Section 1, in order to solve Eqs. (2), the pre-
scription of extra boundary conditions is required due to the pres-
ence of higher gradient terms. To this end, we consider Eqs. (2)1
with the classical boundary condition, that is the displacement
continuity at the interface, and with the following extra boundary
condition introduced by Ru and Aifantis (1993a):
@2u
@n2
" #þ

¼ 0; ð8Þ
where n is the unit normal vector to the interface r ¼ R and ½ þ de-
notes the difference of the corresponding quantity across the inter-
face. For the stress ﬁeld, which is governed by Eq. (2)2, we impose
the following boundary conditions as proposed in (Gutkin et al.,
2000a,b; Mikaelyan et al., 2000)
r½ þ ¼ 0;
@r
@n
 þ

¼ 0: ð9Þ
These conditions provide both the continuity and smooth transition
of all stress components across the interface. They have also been
used in considering a screw dislocation inside an embedded nano-
wire (Davoudi et al., 2009).
3.1. Displacement and strain ﬁelds
Within our anti-plane problem, the only non-vanishing dis-
placement component uðaÞz is to be computed by solving Eq. (2)1
for each of regions D and X. The solution can be given by the
sum uðaÞz ¼ upðaÞz þ uhðaÞz , where upðaÞz is a particular solution of (2)1,
and uhðaÞz is its homogeneous solution.
Based on the form of the classical solutions (3) and (4) found by
Dundurs (1967) and the gradient solution for a homogeneous med-
ium obtained by Gutkin and Aifantis (1996) which was later cor-
rected by Lazar and Maugin (2006b), the particular solution can
be taken as follows:
upðDÞz ¼ u0ðDÞz þwðx n; y; cDÞ  Sw x
R2
n
; y; cD
 !
þ Swðx; y; cDÞ; ð10Þ
upðXÞz ¼ u0ðXÞz þ ð1þ SÞwðx n; y; cXÞ; ð11Þ
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0ðXÞ
z are the classical solutions given by (3) and (4),
respectively, and the function wðx; y; cÞ reads (Lazar and Maugin,
2006b)
wðx; y; cÞ ¼  bc
2
2p
Z 1
0
s sin sy
1þ s2c2 ½sgnðxÞe
jxjc
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þs2c2
p
þ 2HðxÞds:
ð12Þ
In searching the homogeneous solutions for regions D and X, we
have used the following evident limitations. First, the displacement
ﬁeld must be anti-symmetric with respect to the plane y ¼ 0. Sec-
ond, it must be bounded everywhere. Third, the integration of dw
over a closed circuit which does not enclose the dislocation line
must be zero. It can be shown (Polyanin, 2002) that the appropriate
homogeneous solutions are
uhz ðDÞ ¼
X1
n¼1
QnKn
r
cD
 	
sinnh; uhðXÞz ¼
X1
n¼1
qnIn
r
cX
 	
sinnh; ð13Þ
where ðr; hÞ are the polar coordinates (Fig. 1) and the functions
In r=cXð Þ and Kn r=cDð Þ are the modiﬁed Bessel functions of the ﬁrst
and second kind, respectively, of order n.
By employing the continuity of the displacement across the
interface r ¼ R and zero-jump condition (8), the unknown coefﬁ-
cients Qn and qn in Eq. (13) are readily determined by
Qnjn ¼ cnInðR=cXÞ þ /nIn;rrðR=cXÞ;
qnjn ¼ cnKnðR=cDÞ þ /nKn;rrðR=cDÞ; ð14Þ
with jn ¼ InðR=cXÞKn;rrðR=cDÞ  KnðR=cDÞIn;rrðR=cXÞ and
/n ¼
1
p
Z p
p
upðDÞz ðR; hÞ  upðXÞz ðR; hÞ

 
sin nhdh; ð15Þ
cn ¼
1
p
Z p
p
@2
@r2
upðDÞz  upðXÞz

 " #
r¼R
sin nhdh: ð16Þ
Here Kn;rrðR=cDÞ and In;rrðR=cXÞ denote @2rrKnðr=cDÞ
 
r¼R and
@2rrInðr=cXÞ
 
r¼R, respectively. The above integrals can be computed
numerically by the fast Fourier transform method.
With the above gradient solution for the displacement ﬁeld, the
ﬁrst total distortion component is written as
bTðDÞzx ¼ 2e0ðDÞzx þ yðUðr1; cDÞ  SUðr2; cDÞ þ SUðr; cDÞÞ
þ
X1
n¼1
QnKn;r
r
cD
 	
sinnh
( )
cos h

X1
n¼1
nQnKn
r
cD
 	
cosnh
( )
sin h
r
; ð17Þ
bTðXÞzx ¼ 2e0ðXÞzx þ ð1þ SÞyUðr1; cXÞ
þ
X1
n¼1
qnIn; r
r
cX
 	
sinnh
( )
cos h

X1
n¼1
nqnIn
r
cX
 	
cosnh
( )
sin h
r
; ð18Þ
where the classical strain ﬁelds e0ðDÞzx and e
0ðXÞ
zx are given by Eq. (6)1,
and the function Uðr; cÞ ¼ bK1ðr=cÞ=ð2pcrÞ is introduced. These total
distortion components do not contain their plastic parts, bðaÞzx ¼ 0,
and therefore the elastic strain results in eðaÞzx ¼ bðaÞzx =2 ¼ bTðaÞzx =2.
The second non-vanishing component of total distortion bTzy is
calculated in a similar way. In contrast to the zx-component, bTzy
contains both the elastic and plastic parts:bðDÞzy ¼ 2e0ðDÞzy  ðx nÞUðr1; cDÞ þ S x
R2
n
 !
Uðr2; cDÞ
 SxUðr; cÞ þ
X1
n¼1
QnKn;r
r
cD
 	
sinnh
( )
sin h
þ
X1
n¼1
nQnKn
r
cD
 	
cosnh
( )
cos h
r
; ð19Þ
bðDÞzy ¼ Wðx n; y; cDÞ  SW x
R2
n
; y; cD
 !
þ SWðx; y; cDÞ; ð20Þ
bðXÞzy ¼ 2e0ðXÞzy  ð1þ SÞðx nÞUðr1; cXÞ
þ
X1
n¼1
qnIn;r
r
cX
 	
sinnh
( )
sin h
þ
X1
n¼1
nqnIn
r
cX
 	
cosnh
( )
cos h
r
; ð21Þ
bðXÞzy ¼ ð1þ SÞWðx n; y; cXÞ; ð22Þ
where the classical elastic strains e0ðDÞzy and e
0ðXÞ
zy are determined by
Eq. (6)2, and W is given by (Lazar and Maugin, 2006b)
Wðx; y; cÞ ¼ b
2p
Z 1
0
cos sy
1þ s2c2 ½sgnðxÞe
jxjc
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þs2c2
p
þ 2HðxÞds: ð23Þ
Let us compare the classical and gradient solutions for the dis-
placement and strain ﬁelds near the dislocation line, when x! n.
In this limit, the classical displacement is
u0ðDÞz ðx! n;yÞ ¼
b
2p
p
2
sgnðyÞ Sarctan yn
n2R2
 	
þ Sarctan y
n
 	 
:
ð24Þ
It can be seen that, because of the term ðp=2ÞsgnðyÞ, the classical
solution has an abrupt jump on the plane y ¼ 0, while the additional
term ðp=2ÞsgnðyÞejyj=cD , which appears in the gradient solution,
uðDÞz ðx! n; yÞ ¼
b
2p
p
2
sgnðyÞð1 ejyj=cD Þ  S arctan yn
n2  R2

þS arctan y
n

 Sw n R
2
n
; y; cD
 !
þ Swðn; y; cDÞ
þ
X1
n¼1
QnKn
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n2 þ y2
q
cD
0
@
1
A sin nhðn; yÞ; ð25Þ
makes a smooth transition in the displacement proﬁle at the dislo-
cation line, Fig. 2(a). On the other hand, the classical and gradient
solutions are practically coincide far from the dislocation line, when
jyj > 5cD. Similar results have been obtained for an inﬁnite homoge-
neous medium (Gutkin and Aifantis, 1996; Gutkin, 2000; Lazar and
Maugin, 2006b) and a nanowire (Shodja et al., 2008).
The main features of the gradient solution for the strain ﬁeld are
as follows. First, in the limits cD ! 0 and cX ! 0, it is transformed
into the classical solution given by Eqs. (6). Second, when R! 0,
the gradient solution tends to the result pertinent to a screw dislo-
cation in an inﬁnite homogeneous medium (Gutkin and Aifantis,
1996; Gutkin, 2000; Lazar and Maugin, 2006b). Third, while the
classical elastic strains are singular ( 1=r1Þ at the dislocation line
(as r1 ! 0Þ, the appearance of the modiﬁed Bessel function in the
gradient elasticity solution for strains eliminates these singulari-
ties, since K1ðr1=cDÞ  cD=r1 when r1 ! 0. It is also worth noting
that the classical elastic strains are regular in region X. A brief scru-
tiny of the gradient solutions (18) and (21) reveals that eðXÞzx and e
ðXÞ
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Fig. 2. The gradient ﬁelds uðDÞz ðn; yÞ and eðDÞzx ðn; yÞ (solid lines) and classical solutions
u0ðDÞz ðn; yÞ and e0ðDÞzx ðn; yÞ (dashed lines) pertinent to a screw dislocation placed at the
point ðn ¼ 15c;0Þ in the case of cX ¼ cD ¼ c; R ¼ 10c, and C ¼ 0:1, 1, and 10. The
displacement and strain values are given in units of b=ð2pÞ and b=ð2pcÞ,
respectively.
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 ðr=2cXÞn=n! when r ! 0. Thus, the gradient solution is not singu-
lar anywhere as is also seen from Fig. 2(b) and Fig. 3. Far from the
dislocation line, when jx nj > 5cD (in region DÞ or jx nj > 5cX (in
region XÞ, the classical and gradient solutions practically coincide.
These results are similar to those obtained earlier for a screw dis-
location in an inﬁnite medium (Gutkin and Aifantis, 1996; Gutkin,
2000) and in a nanowire (Shodja et al., 2008).
A new and unexpected result is the behavior of the gradient
solution for strain ﬁelds at the interface. In particular, both the
classical (eT0zy Þ and gradient (eTzyÞ solutions for the total zy-strain
component are continuous at the interface points ðR;0Þ in agree-
ment with Hill’s conclusion (Hill, 1961). Since the plastic strain e0zy
is zero at these points within the classical elasticity, this provides a
continuous proﬁle of the elastic strain e0zy there, Fig. 3. In contrast,
within the gradient elasticity, both the plastic (ezyÞ and elastic (ezyÞ
strains suffer jumps of equal magnitude and opposite signs at the
interface. For example, in the case of cX ¼ cD ¼ c; n ¼ 12c;
R ¼ 10c and C ¼ 10 (see the bottom solid curve crossing the−20 −10 0 10
ε z
y
(x,
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 ε z
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Fig. 3. The gradient elastic strain ezyðx; 0Þ (solid lines) and classical solutions
e0zyðx;0Þ (dashed lines) pertinent to a screw dislocation placed at the point
ðn ¼ 12c; 0Þ in the case of cX ¼ cD ¼ c; R ¼ 10c, and C ¼ 0:1, 1, and 10. The strain
values are given in units of b=ð2pcÞ.interface x=c ¼ 10 in Fig. 3), the interface strain jump eðXÞzy ðR;0Þ
eðDÞzy ðR;0Þ ¼ eðDÞzy ðR;0Þ  eðXÞzy ðR;0Þ  b=ð100pcÞ which gives
 1:27% for b ¼ 4c. For C < 1 the jump signs are inverted (see
the top solid curve crossing the interface x=c ¼ 10 in Fig. 3). The
origin of these strain jumps is not clear at the moment and needs
further investigation.
3.2. Stress ﬁeld
The stress ﬁeld can be calculated in a manner similar to that
used for calculation of the displacement ﬁeld. Omitting the inter-
mediate details, we represent here only the ﬁnal results. The zx-
stress components are
rðDÞzx ¼ rpðDÞzx þ
X1
n¼1
BnKn
r
‘D
 	
sinnh;
rðXÞzx ¼ rpðXÞzx þ
X1
n¼1
bnIn
r
‘X
 	
sinnh; ð26Þ
where
rpðDÞzx ¼ r0ðDÞzx þ lDy Uðr1; ‘DÞ  SUðr2; ‘DÞ þ SUðr; ‘DÞ½ ; ð27Þ
rpðXÞzx ¼ r0ðXÞzx þ lXð1þ SÞyUðr1; ‘XÞ; ð28Þ
and the coefﬁcients Bn and bn are determined by the boundary con-
ditions (9):
Bnkn ¼ fnInðR=‘XÞ  gnIn;rðR=‘XÞ;
bnkn ¼ fnKnðR=‘DÞ  gnKn;rðR=‘DÞ ð29Þ
with kn ¼ In;rðR=‘XÞKnðR=‘DÞ  InðR=‘XÞKn;rðR=‘DÞ; n ¼ 1;2; . . . and
gn ¼
1
p
Z p
p
rpðDÞzx  rpðXÞzx
 
r¼R sinnhdh ð30Þ
fn ¼
1
p
Z p
p
@
@r
rpðDÞzx  rpðXÞzx

  
r¼R
sinnhdh: ð31Þ
The zy-stress components read
rðDÞzy ¼ rpðDÞzy þ
X1
n¼0AnKn
r
‘D
 	
cosnh;
rðXÞzy ¼ rpðXÞzy þ
X1
n¼0anIn
r
‘X
 	
cosnh; ð32Þ
where
rpðDÞzy ¼ r0ðDÞzy  lDðx nÞUðr1; ‘DÞ þ lDS x
R2
n
 !
Uðr2; ‘DÞ
 lDSxUðr; ‘DÞ; ð33Þ
rpðXÞzy ¼ r0ðXÞzy  lXð1þ SÞðx nÞUðr1; ‘XÞ; ð34Þ
and An and an, for n ¼ 0;1;2; . . ., are given by
Ankn ¼ vnInðR=‘XÞ  /nIn;rðR=‘XÞ;
ankn ¼ vnKnðR=‘DÞ  /nKn;rðR=‘DÞ ð35Þ
with
u0 ¼
1
2p
Z p
p
rpðDÞzy  rpðXÞzy
h i
r¼R
dh;
un ¼
1
p
Z p
p
rpðDÞzy  rpðXÞzy
h i
r¼R
cosnhdh; ð36Þ
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2p
Z p
p
@
@r
rpðDÞzy  rpðXÞzy
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r¼R
dh;
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Fig. 5. The proﬁle of the stress component rzyðx;0Þ when the dislocation is located
at the position n ¼ 21‘D when C ¼ 1; R ¼ 20‘D and ‘X=‘D ¼ 0:5;1 and 10. The
stress values are given in units of lDb=ð2p‘DÞ. The dashed curve describes the
classical solution r0zyðx; 0Þ.
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the gradient solution for the stress ﬁeld. First, in the limits
‘D ! 0 and ‘X ! 0, it is transformed into the classical solution ob-
tained by Dundurs (1967). Second, when R! 0, the gradient solu-
tion tends to that for a screw dislocation in an inﬁnite
homogeneous medium (Gutkin and Aifantis, 1999; Gutkin, 2000).
Third, while the classical elastic stresses are singular ( 1=r1Þ at
the dislocation line (as r1 ! 0Þ, the appearance of the modiﬁed
Bessel function in the gradient elastic stresses eliminates these sin-
gularities, since K1ðr1=‘DÞ  ‘D=r1 when r1 ! 0. Inside the inhomo-
geneity, where the classical elastic stresses are regular, the
gradient elastic stresses also remain regular since
Inðr=‘XÞ  ðr=2‘XÞn=n! when r ! 0. Thus, the gradient solution for
the stress ﬁeld is not singular anywhere as is also seen from Figs.
4 and 5. Fourth, both the non-vanishing stress components are
continuous at the interface and smoothly cross it. For example,
Fig. 4 illustrates the distribution of the zy-stress component on
the plane y ¼ 0 in the case of C ¼ 10, ‘D ¼ ‘X ¼ ‘ and R ¼ 10‘;
Fig. 4(a) and (b) correspond to the situation as the screw disloca-
tion approaches the interface while Fig. 4(c) displays the results
when the screw dislocation has reached the interface. The stress
continuity and smooth transition at the interface are also valid
for different gradient coefﬁcients ‘D and ‘X, Fig. 5. Fifth, far from
the dislocation line and the interface, at the distance > 5‘a, the
classical and gradient solutions practically coincide, Fig. 4.Fig. 4. The proﬁle of the stress component rzyðx; 0Þ when the dislocation is located
at the position n=‘ ¼ 15 (a), 12 (b) and 10 (c) for C ¼ 10; ‘D ¼ ‘X ¼ ‘ and
R ¼ 10‘. The stress values are given in units of lDb=ð2p‘Þ. The dashed curves
describe the classical solution r0zyðx; 0Þ.It is also interesting to compare our gradient solution for the
stress ﬁeld with the similar solution obtained by Pan (1996) within
the non-local theory of elasticity, Fig. 6. Although the singularity of
the stress ﬁeld is removed in the non-local elasticity, the zh-stress
component remains discontinuous across the inhomogeneity-ma-
trix interface like the classical solution. Moreover, the non-local
solution practically coincides with the classical solution inside
the inhomogeneity (when x > RÞ. It is also worth noting that in
the non-local elasticity, the displacement and strain ﬁelds are the
same as in the classical theory and, therefore, they are singular
at the dislocation line.
In contrast to the classical solution which does not allows one
to investigate the maximum stress magnitude (due to its singular-
ity) near the dislocation line, the gradient solution gives this
opportunity (Davoudi et al., 2009). For example, let us consider
the case of ‘D ¼ ‘X. If the inhomogeneity is elastically harder than
the matrix (C > 1Þ, the stress component rzy reaches its maximum
magnitude, max rzy
 , when the dislocation is located directly at
the interface, Fig. 7(a). In the opposite case of C < 1, this occurs
when the dislocation is shifted from the interface. Let us state
now that the stiffness of the inhomogeneity is equal to that of
the matrix, C ¼ 1, and the dislocation occupies a ﬁxed position
n=‘D near the inhomogeneity. Then, if ‘X=‘D < 1, the maximum
stress magnitude, max rzy
 , increases with decreasing ‘X=‘D,
Fig. 7(b). For ‘X=‘D > 1 this trend reverses. In all cases, max rzy
 
tends to 0.399 when the dislocation goes far away from the inho-
mogeneity (Fig. 7), as expected from intuition.
Another important advantage of the gradient solution as com-
pared to the classical one is its ability and usefulness in detecting
the size effect (Shodja et al., 2008; Davoudi et al., 2009). As is seen
from Eqs. (6), the classical solutions for strains and stresses insideFig. 6. Classical r0zyðx;0Þ (dashed curves), non-local tzyðx;0Þ, (dotted curves) and
gradient rzyðx;0Þ (solid curve) solutions for the zy-component of the dislocation
stress ﬁeld near the interface for n ¼ 25‘;R ¼ 20‘; ‘D ¼ ‘X ¼ ‘ ¼ 0:39a and C ¼ 5.
The stress values are given in units of lDb=ð2p‘Þ.
Fig. 8. Distribution of stress components (a) rzyðx; 0Þ and (b) rzxðx; 0Þ inside the
inhomogeneity of radius R=‘ ¼ 5, 10, 15, and 20 for the case of C ¼ 10; ‘D ¼ ‘X ¼ ‘,
and n ¼ 20‘. The dashed curves correspond to the classical solutions which do not
depend on the radius of the inhomogeneity. The inset in (a) demonstrates that
rzyð0;0Þ fast decreases with R when R 6 5‘. The stress values are given in units of
lDb=ð2p‘Þ.
Fig. 9. Dependence of the average stresses rzxðx ¼ 0Þ and rzyðy ¼ 0Þ inside the
inhomogeneity on the normalized radius of the inhomogeneity R=‘ in the case of
C ¼ 10; ‘D ¼ ‘X ¼ ‘ and n ¼ 20‘. The stress values are given in units of lDb=ð2p‘Þ.
The dashed curves correspond to the classical solutions r0zxðx ¼ 0Þ and r0zyðy ¼ 0Þ.
Fig. 7. Dependence of the maximum magnitude of the dislocation stress, max rzy
 ,
on the normalized dislocation positions, (a) n=‘ and (b) n=‘D , for different values of
(a) the shear modulus ratio C in the case of ‘D ¼ ‘X ¼ ‘ and R ¼ 20‘, and (b) the
gradient coefﬁcient ratio ‘X=‘D in the case of C ¼ 1 and R ¼ 20‘D . The stress values
are given in units of (a)lDb=ð2p‘Þ and (b) lDb=ð2p‘DÞ.
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and (21) for strains and Eqs. (26)2 and (32)2 for stresses indicate
that the gradient solutions strongly depend on R. For example,
Fig. 8 shows that the stress magnitude diminishes inside the inho-
mogeneity when its radius decreases. The inset in Fig. 8(a) shows
that if n ¼ 20‘ and R! 0, then rzyð0;0Þ ! lDb=ð40p‘Þ as in a
homogeneous medium.
From the practical viewpoint, it is also interesting to consider
the average stresses inside the inhomogeneity in dependence on
its radius. Let us deﬁne the average stresses rzyðy ¼ 0Þ and
rzxðx ¼ 0Þ as follows:
rzyðy ¼ 0Þ ¼ 12R
Z R
R
rðXÞzy ðx; y ¼ 0Þdx;
rzxðx ¼ 0Þ ¼ 1R
Z 0
R
rðXÞzx ðx ¼ 0; yÞdy: ð38Þ
In the classical theory of elasticity, these deﬁnitions give
r0zyðy ¼ 0Þ ¼
lXb
4p
1þ S
R
ln
n R
nþ R ;
r0zxðx ¼ 0Þ ¼
lXb
4p
1þ S
R
ln
R2 þ n2
n2
: ð39Þ
Thus, the classical components r0zyðy ¼ 0Þ and r0zxðx ¼ 0Þ strongly
depend on R. In the gradient theory of elasticity, the corresponding
formulas are rather cumbersome, so we give only their graphical
representation in Fig. 9. One can see that the gradient solution
gives smaller values for the average stresses. In the case under
consideration ðC ¼ 10; ‘D ¼ ‘X ¼ ‘ and n ¼ 20‘Þ, the difference
between r0zxðx ¼ 0Þ and rðzxx ¼ 0Þ is not very big ð6 30%Þ, while
the classical component r0zyðy ¼ 0Þ is approximately two times big-
ger than rzyðy ¼ 0Þ at R! 0 and logarithmically diverges at
R! n. In contrast, the gradient component rzyðy ¼ 0Þ is ﬁnite
in the latter case.3.3. Image force
Consider the image force (Peach–Koehler’s force) Fx acting by
the interface per unit length of the dislocation. The gradient solu-
tion (in units of lDb
2
=ð2pÞÞ reads
FxðnÞ ¼ bzrðDÞzy ðx ¼ n; y ¼ 0Þ
¼ S 1
n
 n
n2  R2
 
þ S n R
2
n
 !
U nþ R
2
n
; ‘D
 !
 SnUðn; ‘DÞ þ
X1
n¼0
ð1ÞnAnKn jnj
‘D
 	
: ð40Þ
The ﬁrst two terms on the right hand side form the classical singular
solution and the others are the additional gradient terms. The clas-
sical image force becomes inﬁnite as the dislocation approaches the
interface.
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tracts the dislocation. Since n < 0, the negative value of Fx means
repulsion and its positive value indicates attraction.
For a purely elastic interface (C – 1, ‘D ¼ ‘X ¼ ‘Þ, the results of
numerical evaluation of Fx ¼ Felx are plotted in Fig. 10(a). It is seen
that when C > 1, Felx is negative and when C < 1, F
el
x becomes posi-
tive. This means that a hard inhomogeneity repels the dislocation
while a soft one attracts it as is the case with the classical solution
(Dundurs, 1967) shown in Fig. 10(a) by dashed curves. However,
the gradient solution given by (40) tends to the zero value when
the dislocation reaches the interface, while the classical solution is
singular there. In gradient elasticity, the image force achieves its
maximum value at the distance  ‘ from the interface, Fig. 10(a).
These results are rather similar to those obtained by Gutkin et al.
(2000a,b) for the case of a screw dislocation near a ﬂat interface.
Let us estimate this maximum value for the two limiting cases
when the dislocation interactswith a hole (C ¼ 0, the top solid curve
in Fig. 10(a)) and with a rigid inclusion (C ¼ 1, the bottom solid
curve in Fig. 10(a)) which are of the same nanoscopic radius
R ¼ 20‘  5b at b ¼ 4‘. Obviously, the difference in calculated
value of Felx corresponding to the casesC and1=C, is attributed to just
a change in sign (this fact is clearlypresented in Fig. 10(a)). ThereforeFig. 10. Dependence of the image forces (a) Felx , (b) F
gr
x , and (c) Fx on the normalized
positions, (a) n=‘ and (b, c) n=‘D , of a screw dislocation near (a) a purely elastic
interface for ‘D ¼ ‘X ¼ ‘; R ¼ 20‘ and C ¼ 0; 0.1, 0.5, 2, 10, and 1 (from top to
bottom); (b) a purely gradient interface with C ¼ 1, and (c) a mixed gradient-elastic
interface with C ¼ 10, both for R ¼ 20‘D and ‘X=‘D ¼ 0:5, 0.7, 0.9, 1.1,1.5, and 2
(from top to bottom). The force values are given in units of (a) lDb
2
=ð2p‘Þ and (b, c)
lDb
2
=ð2p‘DÞ. The dashed curves in (a) and (c) correspond to the classical solutions.the image force magnitudes are equal in these two cases and esti-
mated by  0:22lDb2=ð2p‘Þ  0:14lDb. This means that at this
point, the dislocation is affected by the effective shear stress
 lD=7 which is close to lD=2p, i.e., the theoretical shear strength
(Hirth and Lothe, 1982). Practically the same estimate was obtained
by Gutkin et al. (2000a,b) for a ﬂat interface, which is not surprising
since this dislocation position is just near the interface, jn Rj << R.
In the case of a purely gradient interface (C ¼ 1, ‘D–‘XÞ, the
numerical calculations reveal that the image force, Fx ¼ Fgrx , is neg-
ative when ‘D < ‘X and positive when ‘D > ‘X, Fig. 10(b). In other
words, the material having the smaller gradient coefﬁcient, attracts
the dislocation. This result is in accordance with the conclusion
made by Mikaelyan et al. (2000) for an edge dislocation near a ﬂat
interface, but in contradiction with that by Gutkin et al. (2000a,b)
for a screw dislocation near a ﬂat interface. The contradiction oc-
curs due to an error in calculations of the dislocation stress ﬁelds
(Gutkin et al., 2000a,b) in the case with different gradient coefﬁ-
cients (although for equal gradient coefﬁcients this solution is still
valid). As a result, the curves in Fig. 10(b) are similar in shape to
those obtained by Gutkin et al. (2000a,b), however they are related
to the inverse ratios of the gradient coefﬁcients. Thus, with the re-
sults of the present work, the screw and edge dislocations behave
in a similar manner near a purely gradient interface.
Fig. 10(b) shows that the image force has a short-range charac-
ter in the case of a purely gradient interface and rapidly decays
within an immediate neighborhood of the interface. At the inter-
face, the image force attains its maximum value depending on
the ratio ‘X=‘D. These results are in agreement with conclusions
made by Gutkin et al. (2000a,b) and Mikaelyan et al. (2000).
The characteristics of the image force in the general case of a
mixed gradient-elastic interface ðC – 1; ‘D – ‘XÞ can be deduced
from the features of Felx and F
gr
x combined together, Fig. 10(c). Like
Felx , the general image force Fx is a non-singular long-range force
which coincides with the classical solution when the dislocation is
displaced far enough (jn Rj > 5‘DÞ from the interface. Like Fgrx , at
the interface, it achieves ﬁnite values depending on the ratios
‘X=‘D and C. However, the general image force Fx it is not a simple
superposition of terms Felx and F
gr
x . Its behavior near the interface is
essentiallydeterminedby the ratio ‘X=‘D, rather thanbyC. Forexam-
ple, atC ¼ 10andR ¼ 20‘D, a verynarrowregion ðjn Rj < ‘DÞof dis-
location attraction to the interface occurs when ‘X < ‘D. The
corresponding position of unstable equilibrium for the dislocation
is shifted to the interface with ‘X ! ‘D. Therefore, even a very hard
inclusion can capture a screwdislocation at its boundary if its gradi-
ent coefﬁcient is smaller than the gradient coefﬁcient of the matrix.
4. Conclusions
The gradient elasticity theory described by constitutive equa-
tion (1) has been employed to consider the interaction of a screw
dislocation and an elastic cylindrical inhomogeneity of circular
cross section. The inhomogeneity and matrix are characterized
by different shear moduli and different gradient coefﬁcients. We
have derived the analytical solutions for the dislocation displace-
ment, distortion, strain and stress ﬁelds, and for the image force
which acts upon the dislocation due to the interface. It has been
shown that the classical jump in the dislocation displacement
has been transformed into a smooth transition in the gradient solu-
tion. As a result, the classical singularities are eliminated from the
gradient solutions for the dislocation plastic distortions, elastic
strains and stresses. Moreover, both stress components and their
gradients remain continuous at the interface, in contrast to the
well-known classical solution (Dundurs, 1967) having a compo-
nent which undergoes a jump discontinuity there. The gradient
solution has allowed us to establish a size-effect that is strong
dependence of the stress magnitude inside the inhomogeneity on
K.M. Davoudi et al. / International Journal of Solids and Structures 47 (2010) 741–750 749its radius: the stress level decreases with a decrease in the radius,
in contrast with the classical solution which does not depend on
the radius at all. The continuity of stresses at the interface made
it possible to eliminate the classical singularity (Dundurs, 1967)
of the image force acting on a dislocation which approaches the
interface. It has been shown that in the case of a purely elastic
interface, the dislocation is pushed towards to the bulk of the
material which has a smaller shear modulus. In the case of a purely
gradient interface, the dislocation is expelled to the bulk of the
material with a smaller gradient coefﬁcient. In the general case
of a mixed gradient-elastic interface, there is a very narrow region
(with thickness of  ‘DÞ just near the interface, where the image
force is essentially determined by the ratio of the gradient coefﬁ-
cients rather than by the ratio of the shear moduli. At the greater
distance from the interface, the ratio of the shear moduli plays
the principal role. Far from the interface and the dislocation line
(at distances greater than  5‘aÞ, gradient and classical solutions
coincide. The gradient solution is transformed into the classical
solution when the gradient coefﬁcients tend to zero.Acknowledgments
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